We consider a Markovian regime-switching risk model (also called the Markov-modulated risk model) with stochastic premium income, in which the premium income and the claim occurrence are driven by the Markovian regime-switching process. The purpose of this paper is to study the integral equations satisfied by the expected discounted penalty function. In particular, the discount interest force process is also regulated by the Markovian regime-switching process. Applications of the integral equations are given to be the Laplace transform of the time of ruin, the deficit at ruin, and the surplus immediately before ruin occurs. For exponential distribution, the explicit expressions for these quantities are obtained. Finally, a numerical example is also given to illustrate the effect of the related parameters on these quantities.
Introduction
In recent years, ruin theory under regime-switching model is becoming a popular topic. This model is proposed in Reinhard [1] and Asmussen [2] . Asmussen calls it a Markovmodulated risk model. And this model is also a generalization of the classical compound Poisson risk model. The primary motivation for this generalization is to enhance the flexibility of the model parameter settings for the classical risk process. The examples usually given are weather conditions and epidemic outbreaks, even though seasonality would play a role and can probably not be modeled by a Markovian regimeswitching model. Many papers on ruin probabilities and the expected discounted penalty function under the Markovian regime-switching risk model have been published. Some works in this area include Ng and Yang [3] , Li and Lu [4] , Lu and Li [5] , Zhang [6] , Zhu and Yang [7, 8] , Yu [9] , Dong et al. [10] , Wei et al. [11] , Elliott et al. [12] , Ma et al. [13] , Dong and Liu [14] , Mo and Yang [15] , Zhang and Siu [16] , Li and Ren [17] , and the references therein.
All of the researches mentioned above only take the constant interest force into consideration and do not take into account the impact of the change of the external environment. This provides the practical motivation to develop the ruin theory with stochastic interest force. In recent years, the ruin theory with stochastic interest force has attracted much attention in the actuarial science literature. See, for example, Ouyang and Yan [18] , Cai [19] , Zhao and Liu [20] , Zhao et al. [21] , and Li and Wu [22] . But these papers have only considered the question in which the interest force process, from the beginning to its end, has been described to be one process. Since the risk management of an insurance company is a longer-term program, these models cannot capture the feature that interest policies may need to change if economical or political environment changes. So it is natural to introduce the stochastic interest force regulated by the Markovian regime-switching process in insurance risk analysis. Zhang and Zhao [23] first consider the expected discounted penalty function in a classical risk model, in which the discount interest force process was modeled by the Markovian regime-switching process. Xie and Zou [24] study a compound binomial risk model with a constant dividend barrier under stochastic interest rates. Two types of individual claims, main claims and by-claims, are defined, where every by-claim is induced by the main claim and may be delayed for one time period with a certain probability. In the evaluation of the expected present value of dividends, the interest rates are assumed to follow a Markov chain with finite state space. Inspired by the work of Zhang and Zhao [23] , in this paper, we generalize the risk model and assume that the claim process, the premium income process, and the stochastic interest force process are independently regulated by the Markovian regime-switching process.
The rest of this paper is organized as follows. In Section 2, the risk model and the stochastic interest force model are introduced. In Section 3, given the initial surplus and the initial environment state, the integral equation for the expected discounted penalty function is derived. In Section 4, for exponential distribution, we obtain the explicit expressions of the expected discounted penalty function. The results are illustrated by numerical examples in Section 5. Section 6 concludes the paper.
The Risk Model and the Stochastic Interest Force Model
Throughout the paper, we let (Ω, F, {F } ≥0 , ) be a complete probability space with a filtration {F } ≥0 satisfying usual conditions containing all random variables and stochastic processes in our discussion. Let ( ) denote the surplus of an insurance company and be described as follows:
where ≥ 0 is the initial capital, is the amount of the th claim, and is the amount of the th premium. { 1 ( ); ≥ 0} represents the number of claims occurring in (0, ], and { 2 ( ); ≥ 0} represents the number of premium arrivals up to time , both of which are described by the Markovian regime-switching process with intensity processes 1 ( ) and 2 ( ), respectively. Let the intensity processes 1 ( ) and 2 ( ) be homogeneous -state and -state Markovian process, respectively. The number of claims { 1 ( ); ≥ 0} is assumed to follow a Poisson distribution with parameter 1 , and the corresponding claim amounts have distribution ( ) when 1 ( ) = 1 , = 1, 2, . . . , for ∈ (0, ]. Similarly, the number of premium arrivals { 2 ( ); ≥ 0} has the Poisson distribution with parameter 2 , and the corresponding premiums have distribution ( ) when 2 ( ) = 2 , = 1, 2, . . . , for ∈ (0, ]. We further assume that all states of the process 1 ( ) communicate, which is also the case of the process 2 ( ). The safety loading condition holds
]. Furthermore, we assume the processes { 1 ( ); ≥ 0}, { 2 ( ); ≥ 0}, { ; ≥ 1}, and { ; ≥ 1} are mutually independent. Let = ( 1 ) be the rate at which the process 1 ( ) leaves the state 1 and the probability that it then goes to 1 ; that is, the intensity of transition from 1 to 1 is given by
Similarly, let = ( 2 ) be the rate at which the process 2 ( ) leaves the state 2 and the probability that it then goes to 2 ; that is, the intensity of transition from 2 to 2 is given by
The stochastic interest force function governed by the Markovian regime-switching process is defined by (Zhang and Zhao [23] )
where = { ( ), ≥ 0} is a homogeneous, irreducible, and recurrent Markovian process with finite state space = {1, 2, . . . , } with intensity matrix Λ = ( ) , =1 , where := − for ∈ . As pointed out by Asmussen [2] , in health insurance, sojourns of { ( ), ≥ 0} could be certain types of epidemics, or, in automobile insurance, these could be weather types (e.g., icy, foggy, etc.). The state of interest is governed by ( ). When the state of ( ) is , the interest force function is
where , , and are nonnegative constants, ( ) is a standard Wiener process, and ( ) is a Poisson process with parameter . Moreover, we also assume that ( ), ( ) and ( ) are independent of each other. Since stochastic fluctuation of interest cannot be large in reality, without loss of generality we might as well assume that
Then the expected discounted penalty function with stochastic discount interest force driven by the Markovian regimeswitching process is defined as
where (⋅) is the indicator function, = inf{ : ( ) < 0} denotes the time of ruin, ( − ) is the surplus immediately prior to ruin, | ( )| is the deficit at ruin, and ( , ) is a nonnegative bounded function on [0, ∞) × [0, ∞). We can interpret exp{− ( )} as the "stochastic discount factor. " The probability of ruin for (0) = , 1 (0) = 1 , and
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The Integral Equation
In this section, we derive the integral equation for the expected discounted penalty function.
Theorem 1. Suppose that the following conditions are satisfied:
(1) Φ , , ( ), ( = 1, 2, . . . ; = 1, 2, . . . ; = 1, 2, . . . ) is continuous with respect to on [0, +∞);
(2) ( , ) is continuous with respect to ;
Then Φ , , ( ) satisfies the following integral equation:
where ( ) and ( ) are the distribution of the number of premiums and the claim amounts, respectively.
Proof. Consider ( ) in an infinitesimal time interval (0, ℎ), and separate the seven possible cases as follows:
(1) no claim occurs in (0, ℎ), no change of claim state in (0, ℎ), no premium-arrival in (0, ℎ), no change of premium state in (0, ℎ), and no change of interest state in (0, ℎ), denoted by 1 ;
(2) no claim occurs in (0, ℎ), no change of claim state in (0, ℎ), no premium-arrival in (0, ℎ), no change of premium state in (0, ℎ), and a change of interest state in (0, ℎ), denoted by 2 ; (7) all other events with total probability (ℎ).
By conditioning on the occurrence of claims, the change of claim state in (0, ℎ), the occurrence of premiums, the change of premium state in (0, ℎ), and the change of interest state in (0, ℎ), the expected discounted penalty function Φ , , ( ) is equal to
First, we consider 1 . We write as ℎ + ∘ ℎ since > ℎ. Because ( ) has independent and stationary increments, ( ), 1 ( ), and 2 ( ) are the Markovian processes; so we have
Discrete Dynamics in Nature and Society
In the second case, an interest state change occurs; that is, the interest state changes from the state to ( ̸ = ) at switching time V, where V lies in [0, ℎ). Hence, the interest discount factor at time ℎ should be written as
, and − ( ) should be revised as
. Therefore, by the same approach, we may obtain
Now we will turn to the third term in formula (10):
For 4 , 5 , and 6 , we have 
Cancelling Φ , , ( ), dividing both sides by ℎ, and taking limit, the above equation reduces to (9). (9), then let 1 = 11 , and 2 = 21 . This result can be reduced to a special case in which the interest process is described by stochastic interest; the premium process and the claim process are all compound Poisson processes; then the corresponding integral equation satisfied by the expected discounted penalty function is
Remark 2. If
Specially, if = = = 1 and = = 0, that is, ( ) = in (9), then we have
Remark 3. If = = 1, ( , ) = 1, and ( ) = 0 in (9), denoting nonruin probability ( ) = 1 − Φ( ), then the integral equation in (9) is equivalent to the following:
The Explicit Results for Exponential Claim Distribution
In this section, we consider the case that the claim amounts and premium numbers are exponentially distributed. We find that, in some specific settings, the expected discounted penalty function can be explicitly obtained. In most cases, it is difficult to obtain the precise expression of Φ , , ( ), if we consider multiple states. Even if we narrow them to two states (i.e., = = = 2, at this point, we will get eight coupled equations), it would still be very hard for us to get the accurate expression of Φ , , ( ). For the sake of simplicity only one state will be taken into account, that is, = = = 1. The purpose of this section is to get the explicit solution to prepare for the numerical calculation of the next section. 
Moreover, when ( ) = 0,
Proof. By the methods of Yao et al. [25] , let ( ) = 1 − ( ). The change of ( ) = 1 − ( ) in (9) leads to
6 Discrete Dynamics in Nature and Society By taking the derivative with respect to on the sides of (24), we have
Differentiating the above equation with respect to again, we arrive at
Discrete Dynamics in Nature and Society 7 from (24)- (26), we can obtain
Since − (1/2) 2 − ( − − 1) > 0, the corresponding homogeneous equation of the above differential equation with constant coefficients is
Its characteristic equation is
which has two real characteristic roots
Letting 1 < 0, 2 > 0 and noting that̃( ) = 1 is one special solution of (27), hence,
Noting that → ∞, ( ) → 1, and 1 < 0, 2 > 0, so
which together with (24), implies
so it follows that
When ( ) = 0, (27) is equivalent to
With the same argument, we can obtain
Similarly, we can take many other suitable ( , ) in (7) when = = = 1. Then corresponding integral equations can be obtained. In general, it is not easy to derive exact solutions for the equations. However, when ( ) and ( ) are exponential, the explicit expression for the discounted expectation of the amount of surplus immediately before ruin occurs, and the deficit at ruin can be obtained. The process of proof is completely similar to that of Theorem 4, and so it is omitted here. 
, which can be considered as the discounted expectation of the surplus immediately before ruin occurs. If = = = 1, (9) can be reexpressed as
(37)
where
Remark 7. Let ( , ) = , and denote
, which can be considered as the discounted expectation of the deficit at ruin. If = = = 1, (9) can be re-expressed as 
Numerical Illustrations
Taking into account the importance of the interest rates and the simplicity of discussion, we only consider the effect of stochastic interest on the ( ), 1 ( ), and 2 ( ). Let us give some data analysis about the theoretical results in formula (21) , such that we can catch the effect information of the stochastic interest factors. We first need to determine the value of the parameters in formula (21) . For convenience, we might as well suppose that = 1, = 2, 1 = 1, and 2 = 1.
The constant interest force is assumed to be 1.5, 2, and 2.5; the coefficient starts at 0 and ends at 1.5 evenly spaced by the value 0.1; the coefficient is valued at 0, 0.5, and 1, the parameter is supposed to be 1. Based on the formula (21), the above assumptions, and MATLAB, we get the values of ( ) under the different combinations of parameter values (see Table 1 ).
From Table 1 , we can get the trend of changes of ( ) when the other two parameters keep unchanged.
(i) The ( ) is increased steadily with increasing when and are unchanged.
(ii) The ( ) is increased with a small decrease of when and are unchanged.
(iii) The ( ) is decreased, if increases when and are unchanged.
In the same way, we can also get similar conclusion for 1 ( ) (38) and 2 ( ) (41); so we omit the detailed description here. See Tables 2 and 3 .
Conclusions
We have generalized the results in Zhang and Zhao [23] . We suppose that the premium income process, the occurrence of the claims, and the interest process are controlled by the Markov regime-switching process, respectively. We not only obtain the integral equations satisfied by the expected discounted penalty function under the stochastic interest force driven by the Markov regime-switching process, but also offer data analysis and direct interpretation based on the interest models for some special cases. These all provide insights into the effect of stochastic interest force on the expected discounted penalty function and show the importance of introducing stochastic interest force.
